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ON THE VANISHING IDEAL OF AN ALGEBRAIC TORIC SET AND ITS 

PARAMETERIZED LINEAR CODES 

ELISEO SARMIENTO, MARIA VAZ PINTO, AND RAFAEL H. VILLARREAL 

Abstract. Let K he a. finite field and let X be a subset of a projective space, over the field 

K, which is parameterized by monomials arising from the edges of a clutter. We show some 

estimates for the degree-complexity, with respect to the revlex order, of the vanishing ideal I{X) 

CL(i of X. If the clutter is uniform, we classify the complete intersection property of I{X) using 

yJ ' linear algebra. We show an upper bound for the minimum distance of certain parameterized 

t/J , linear codes along with certain estimates for the algebraic invariants of I{X). 

^ . 1. Introduction 

. i Let K = ¥qhea finite field with q ^ 2 elements and let y^^ , • • • , y^" be a finite set of square- free 

'^ ' monomials with s > 2. As usual if Vi = {vn, . . . , Vin) € N", then we set 

y''' = yT---yn^^ i = i,...,s, 

where yi, . . . , y„ are the indeterminates of a ring of polynomials with coefficients in K. We shall 
always assume that A = {fi, . . . ,Us} is the set of all characteristic vectors of the edges of a 
^ . clutter (see Definitions 13.11 and I3.2p . In particular this means that the entries of Vi are in {0, 1} 

Tlj" \ for all i. Consider the following set parameterized by these monomials 

P^ : X := {[{xl'' ■ ■ ■ <i", . . .,xl'^ ■ ■ ■ xl'")] G P"-Vi e K* for all i}, 
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where K* = K \ {0} and P*~^ is a projective space over the field K. The set X is called 
^ I an algebraic toric set parameterized by y^^, . . . ,y^" . Let S = K[ti, . . . ,ts] = (B'^qS^ be a 

polynomial ring over the field K with the standard grading, let [Pi], . . . , [Pm] be the points of 
X, and let /o(ii, ■ ■ ■ ,ts) = tf. The evaluation map 

^- (1.1) ev,:S, = K[t,,...,tsU^K\''\, f ^ (IS^ ISEA 

^ . defines a linear map of K- vector spaces. The image of ev^, denoted by Cx{d), defines a linear 

code. Following |19) we call Cx (d) a parameterized linear code of order d. As usual by a linear 
code we mean a linear subspace of K' '. The dimension and the length of Cx{d) are given by 
diva.K Cx{d) and \X\ respectively. The dimension and the length are two of the basic parameters 
of a linear code. A third basic parameter is the minimum distance which is given by 

(5rf = min{|l?;|l: / v € Cx(d)}, 

where \\v\\ is the number of non-zero entries of v. The basic parameters of Cx{d) are related by 
the Singleton bound for the minimum distance: 

5d< \X\-diraKCx{d) + l. 
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Parameterized linear codes are a nice subfamily of evaluation codes (the notion of an evalua- 
tion code was introduced in [Til US])- Parameterized linear codes were introduced and studied 
in [19] . Some other families of evaluation codes have been studied extensively [H [5l [22l [26] . 

The vanishing ideal of X, denoted by I{X), is the ideal of S generated by the homogeneous 
polynomials of S that vanish on X. The contents of this paper are as follows. In Section [2] we 
introduce the preliminaries and explain the connection between the invariants of the vanishing 
ideal of X and the parameters of Cx (d) ■ 

The ideal I{X) is Cohen-Macaulay of height s — 1 [9j. Recall that I{X) is called a complete 
intersection if it can be generated by s — 1 homogeneous polynomials of S. In [20j it is shown that 
I{X) is a complete intersection if and only if X is a projective torus in P*~^ (see Definition I2.4p . 
If the clutter has all its edges of the same cardinality, in Section [3] we classify the complete 
intersection property of I{X) using linear algebra (see Theorem I3.9p . 

Let >- be the reverse lexicographical order on the monomials of S. Recall that the ideal I{X) 
has a unique reduced Grobner basis with respect to ^. The degree- complexity of I{X), with 
respect to y, is the maximum degree in the reduced Grobner basis of I{X). In Section H] we 
study the structure of the reduced Grobner basis of I{X) and show an upper bound for the 
degree-complexity of I{X) (see Theorem I4.ip . This means that the algebraic methods of [T9] to 
compute the invariants of I{X) will probably work better using the revlex order. 

In Section [5] we show upper bounds for the minimum distance of Cx{d) for a certain family of 
algebraic toric sets X arising from normal edge ideals (see Theorem 15. ll fbl). For this family we 
also show estimates for the algebraic invariants of I{X). The bounds on the minimum distance 
seem to indicate that the codes Cx {d) that emerge from unicyclic connected graphs are especially 
nice from the point of view of their error-correcting capacity and so are the codes Cx (d) when d is 
small (see Remark 1 5 . 3 1 and Example 15. 4p . We give examples, within our family, of parameterized 
codes having a large minimum distance relative to \X\ (see Example l5.4p . Such examples of linear 
codes with large minimum distance are essential, as they show that our construction is attractive 
in the context of coding theory. The codes Cx{d) are only interesting when d lies within a 
certain range because (5^ = 1 for d ;> 0. This range is determined by reg(5'//(X)), the index 
of regularity of S/I{X) (see Proposition 12. 3p . This is one of the motivations to study the index 
of regularity. Another motivation comes from commutative algebra because, in our situation, 
reg(S'/I(X)) is equal to the Castelnuovo-Mumford regularity which is an algebraic invariant of 
central importance in the area [6]. The problem of finding a good decoding algorithm for our 
family of parameterized codes is not considered here. The reader is referred to [3, Chapter 9], 
W7\ [27| and the references there for some available decoding algorithms for some families of 
linear codes. 

For all unexplained terminology and additional information we refer to [7] (for the theory of 
binomial ideals), [21 [23] (for the theory of Grobner bases and Hilbert functions), and 
(for the theory of error-correcting codes and algebraic geometric codes). 



2. Preliminaries 

We continue to use the notation and definitions used in the introduction. In this section we 
introduce the basic algebraic invariants of S/I{X) and recall their connection with the basic 
parameters of parameterized linear codes. Then, we present a result on complete intersections 
that will be needed later. 
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Recall that the projective space of dimension s — 1 over K, denoted by P*^^, is the quotient 
space 

{K^ \ {0})/ ~ 

where two points a, f3 in K^ \ {0} are equivalent if a = A/3 for some X £ K. We denote 
the equivalence class of a by [a]. Let X C P*~^ be an algebraic toric set parameterized by 
y"!, . . . , y^* and let Cx{d) be a parameterized code of order d. The kernel of the evaluation map 
evd, defined in Eq. (jl.ip . is precisely I{X)d the degree d piece of I{X). Therefore there is an 
isomorphism of i^- vector spaces 

(2.1) Sd/I{X)d ^ Cx{d). 

Two of the basic parameters of Cx{d) can be expressed using Hilbert functions of standard 
graded algebras |19l I23j . as we explain below. Recall that the Hilbert function of S/I{X) is 
given by 

Hx{d) := dimx {S/I{X))d = dim,^ Sd/I{X)d. 

The unique polynomial hx{t) = Ylii=o '^*** ^ ^W o^ degree k — \ = Avcti{S/I{X)) — 1 such that 
hx{d) = Hx{d) for d » is called the Hilbert polynomial of S/I{X). The integer Ck-i{k — 1)!, 
denoted by deg(5/I(X)), is called the degree or multiplicity of S/I{X). In our situation hx{t) 
is a non-zero constant because S/I{X) has dimension 1. Furthermore: 

Proposition 2.1. ([Ml Lecture 13], [9]) /ix(<i) = |^| for d>\X\- 1. 

This result means that \X\ is equal to the degree of S/I{X). From Eq. (j2.ip . we get the 
equality Hx{d) = dim^ Cx(c^)- Thus, we have: 

Proposition 2.2. [9l[l3] Hx{d) and deg(5/I(X)) are equal to the dimension and the length of 
Cx{d) respectively. 

There are algebraic methods, based on elimination theory and Grobner bases, to compute the 
dimension and the length of Cx{d) |19j . 

The index of regularity of S/I{X), denoted by reg(S'//(X)), is the least integer p > such 
that hx{d) = Hx{d) for d > p. The degree and the index of regularity can be read off the 
Hilbert series as we now explain. The Hilbert series of S/I{X) can be written as 

Fx{t) :=±Hxid)t^ = ^o + h,t + ..^+Kt^ ^ 
d=0 

where hQ,...,hr are positive integers. Indeed hi = diinK{S/{I{X),ts))i for < f < r and 
diniK{S/{I{X),ts))i = for i > r. This follows from the fact that I{X) is a Cohen-Macaulay 
lattice ideal of dimension 1 [19] and by observing that {tg} is a regular system of parameters for 
S/I{X) (see [23]). The number r is equal to the index of regularity of S/I{X) and the degree 
of S/I{X) is equal to /iq H + K (see [23] or [29l Corollary 4.1.12]). 

A good parameterized code should have large \X\ and with d\in.KCx{d)/\X\ and 5ci/\X\ 
as large as possible. The following result gives an indication of where to look for non-trivial 
parameterized codes. Only the codes Cx{d) with 1 < d < reg{S/I{X)) have the potential to be 
good linear codes. 

Proposition 2.3. 5d = lford> Teg{S/I{X)). 

Proof. Since Hx{d) is equal to the dimension of Cxid) and Hx{d) = \X\ for d > Teg{S/I{X)), 
by a direct application of the Singleton bound we get that 5^ = 1 for ti > reg(S'//(X)). D 
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The definition of Cx{d) can be extended to any finite subset X C P*~^ of a projective 
space over a field K [Til US] ■ In this generahty — the resulting linear code — Cx (d) is called an 
evaluation code associated to X [11] . It is also called a projective Reed-Muller code over the set 
X [5l[T3]. In this paper we will only deal with parameterized codes over finite fields. 

The parameters of evaluation codes associated to X have been computed in a number of cases. 
li X = P^~^, the parameters of Cx{d) are described in [22^ Theorem 1]. If X is the image of 
the affine space A*~^ under the map x ^ [(l,x)], the parameters of Cx{d) are described in [U 
Theorem 2.6.2]. If X is a projective torus, the parameters of Cx{d) are described in [5] and 
||20j. In this paper we give upper bounds for the parameters of certain parameterized codes. 

As seen above, parameterized codes are a special type of evaluation codes. What makes a 
parameterized code interesting is the fact that the vanishing ideal of X is a binomial ideal |19] , 
which allows the computation of the dimension and length using the computer algebra system 
Macaulay2 [T5]. The index of regularity of S/I{X) can also be computed using Macaulay2, 
which is useful to find genuine parameterized codes (see Proposition 12. 3p . 

Definition 2.4. The set T = {[(xi, . . . , x^)] G P*~^| Xi E K* for all i} is called a projective torus 
in F'-^. 

An algebraic toric set is a multiplicative group under componentwise multiplication. Thus, a 
projective torus is a multiplicative group. For future reference we recall the following result on 
complete intersections. 

Proposition 2.5. |12l Theorem 1, Lemma 1] If T is a projective torus in P'^^-'^, then 

(a) I{T) = {{tr'-tl'}U,). 

(b) Fj{t) = {i-t'^-^y-^/{i-tr. 

(c) reg(5//(T)) = {s - l){q - 2) and deg{S/I{T)) = {q - l)''^ . 

3. The complete intersection property of I{X) 

We continue to use the notation and definitions used in the introduction and in the prelim- 
inaries. In this section, we use linear algebra to give an structure theorem — valid for uniform 
clutters — for the complete intersection property of I{X). 

Definition 3.1. A clutter C is a family E of subsets of a finite ground set Y = {yi, . . . ,yn} 
such that if /i, /2 G E, then /i ^ /2. The ground set Y is called the vertex set of C and E is 
called the edge set of C, they are denoted by Vc and Ec respectively. 

Clutters are special hypergraphs [1] and are sometimes called Sperner families in the litera- 
ture. One important example of a clutter is a graph with the vertices and edges defined in the 
usual way for graphs. 

Definition 3.2. Let C be a clutter with vertex set Vc = {yi, ■ ■ ■ , j/n} and let / be an edge of C. 
The characteristic vector of / is the vector v = X^w gf ^«' where Cj is the ith unit vector in R". 

Throughout this paper we assume that A := {vi, . . . , Vg} is the set of all characteristic vectors 
of the edges of a clutter C. 

Definition 3.3. If a G M*, its support is defined as supp(a) = {i \ a,, ^ 0}. Note that a = a^—a~, 
where a+ and a^ are two non negative vectors with disjoint support called the positive and 
negative part of a respectively. 
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Lemma 3.4. Let C he a clutter and let f ^ Q he a homogeneous binomial of I{X) of the form, 
t\ - f^ with b £N, ceW and i ^ supp(c). Then 

(a) deg(/)>g-l. 

(b) // deg(/) = q — 1, then f = fj^ — t^ for some j ^ i. 

Proof. For simplicity of notation assume that / = t\ — t'2 ■ ■ ■ f^T , where Cj > 1 for all j and 
b = C2 + ■ ■ ■ + Cr- Then 

(3.1) {xl^^ ■ ■ ■ xl^-)' = {xl^^ ■ ■ ■ xl'-r ■ ■ ■ (a^r • • • C")'^'- V (xi, . . . , x„) G {K*r, 
where Vi = {vn, . . . , Vm)- Let /3 be a generator of the cyclic group {K*, ■ ). 

(a) We proceed by contradiction. Assume that b < q — 1. First we claim that if vik = 1 for 
some 1 < k < n, then Vjk = 1 for j = 2, . . . ,r. To prove the claim assume that vik = 1 and 
Vjk = for some j > 2. Then, making Xj = 1 for i ^ k in Eq. (|3.ip . we get (2;^^'')'' = x'^ = x"^, 
where m = V2kC2 + • • • + VrkCr < b. Then x^"™ = 1 for a;^ G K*. In particular /3 = 1. Hence 
6 — 7TT- is a multiple of g — 1 and consequently b > q — 1, a contradiction. This completes the 
proof of the claim. Therefore supp(T;i) C supp(uj) for j = 2, . . . ,r. Since C is a clutter we get 
that f 1 = Vj for j = 2, . . . , r, a contradiction because vi, . . . ,Vr are distinct. Hence b > q — 1. 

(b) It suffices to show that r = 2. Assume r > 3. We claim that if V2k = 1 for some 1 < k < n, 
then Ujfc = 1 for j > 3. Otherwise, if V2k = 1 and Vji^ = for some j > 3, making Xj = 1 for 
i ^ k and 5 = g — 1 in Eq. ()3.ip we get 1 = x^ for any x^ € K* , for some < m < q — 1. A 
contradiction because /S™ ^ 1. This proves the claim. Therefore supp(i)2) C supp(t'j) for j > 3. 
As in part (a) we get V2 = Vj for j > 3, a contradiction. Hence r = 2. D 

The complete intersection property of I{X) was first studied in |20j . We complement the 
following result by showing a characterization of this property — valid for uniform clutters — 
using linear algebra (see Theorem 13. 9p . 

Theorem 3.5. [20] Let C be a clutter with s edges and let T be a projective torus in F^^^ . The 
following are equivalent: 

(ci) I{X) is a complete intersection. 

{C2) i{x) = {ti-'-tr\...,ti-_l-tr'). 

(C3) X = T CF"-^. 

For use below recall that the toric ideal associated to ^ = {vi, . . . ,Vs}, denoted by I^, is the 
prime ideal of S = K[ti, . . . ,ts] given by (see [25]): 

(3.2) La = (t'^ -t'\a= {ai),b = (6,) G N^ E. am = Y.i bm) C S. 

A clutter is called uniform if all its edges have the same number of elements. 

Proposition 3.6. Let C be a uniform clutter. If L{X) is a complete intersection and q > 3, 
then vi, . . . ,Vs are linearly independent. 

Proof. To begin with we claim that if f = t"" — t"" is any non-zero homogeneous binomial in 
the lattice ideal L{X), then 

a = a'^ — a^ = mod((7 — 1), 
that is, any entry of a is a multiple of q — 1. By Theorem 13.51 the degree of / is at least q — f. To 
show the claim we proceed by induction on deg(/). If deg(/) = g — 1, then by Theorem 13.51 and 
Lemma [3^ b) it is seen that / = t?~ — t1~ for some z, j, i.e., a = {q — l)ei — {q — l)ej. Assume 
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that deg(/) > q — 1. By Theorem 13.51 we obtain that t" and t" are divisible by some t? and 
t'j~ respectively. Then, af > q — 1 and a~ > q — 1 ior some i G supp(a^) and j € supp(a^). 
Therefore using that / G I{X) and the fact that {K*, • ) is a cyclic group of order g — 1, it 
follows readily that the binomial 

fl _ ^ ''_ 

J ~ .9-1 .9-1 

is homogeneous, of degree deg(/) — {q — 1), and belongs to I{X). Hence by induction hypothesis 
the vector {a^ — {q — l)ej) — (a~ — {q — l)ej) is a multiple of g — 1, and so is a = a"*" — a~. This 
completes de proof of the claim. 

To show that vi,. . . ,Vs are linearly independent we proceed by contradiction. Assume that 
vi, . . . ,Vs are linearly dependent. As C is uniform, there is a non-zero homogeneous binomial 
f = t"" — t"" of least degree in the toric ideal /_4. This means that the degree of / is equal to 
the initial degree of /_4 [221 P- HO]. Since /^ C I{X) we obtain that a = a"*" — a~ is a multiple 
of q — 1. Then, we can write a~^ = {q — 1)6"*", a~ = {q — l)b~ for some b'^,b~ in N'^. We set 
u = t , V = t , g = u — V, h = M^~^ + u'^~^v + • • • + v'^^'^. From the equality f = gh we obtain 
that g G I^ or h £ I_A because /^ is a prime ideal and q > 3, a contradiction to the choice of / 
because g and h have degree less than that of /. D 

Definition 3.7. For an ideal I C S and a polynomial h £ S the saturation of / with respect to 
h is the ideal 

(I: /i°°) := {/ G S\ fh^ £ I for some m > 1}. 

We will only deal with the case where h = ti- ■ -tg. 

We call A homogeneous if A lies on an affine hyperplane not containing the origin. Notice 
that if C is uniform, then A is homogeneous. Given P C Z", the subgroup of TT^ generated by F 
will be denoted by ZF. 

Theorem 3.8. p!9l Theorem 2.6] Let K = ¥q he a finite field, let A = {vi, ...,Vs} C Z", and 
let (j): Z"/L — > Z"/L be the multiplication map 4>{a) = {q — l)a, where L = Z{vi — vi}f^2- U ^ 
is homogeneous, then 

(3.3) ((/^ + (tt' - tl-\ ..., tr' - tf)) : (ti • • • t,r) C I{X) 

with equality if and only if the map (j) is injective. 

We come to the main result of this section, a structure theorem for complete intersections via 
linear algebra. 

Theorem 3.9. Let 4>: TL^ jL — )• TL^ jL be the multiplication map 0(a) = (g — l)a, where L is the 
subgroup generated by {vi — vi}|^2- If C is a uniform clutter and q > 3, then I{X) is a complete 
intersection if and only if vi, . . . ,Vs are linearly independent and the map (j) is injective. 

Proof. =>) By Proposition 13.61 the vectors vi,...,Vs are linearly independent. Then /_4 = (0) 
and by Theorem 13.51 we get the equality I{X) = ({tf~ — tf~ }|=2})- Hence, we have equality 
in Eq. ()3.3p . Therefore using Theorem 13.81 we conclude that </> is injective. 

<^) As the map (p is injective and C is uniform, using Theorem 13.81 we get the equality 

{{ia + {tf - ti\ ..., tr' - ti')) : (ti • • • t,r) = i{x). 

Since A is linearly independent one has that I a = (0). Hence, the equality above becomes 
({t^~ — t1~ Yi=2\) ~ I(-^)^ i-6-i I{-^) is ^ complete intersection. D 
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A graph with only one cycle is called unicyclic. 

Corollary 3.10. Let C be a unicyclic connected graph with n vertices. If the only cycle of C is 
odd, then X = T is a projective torus in P"'"^. 

Proof. Assume that C is an odd cycle of length n. Let yi, . . . ,yn be the vertices of C. The 
characteristic vectors of the edges of C are 

vi = ei +62, V2 = €2 + e^, . . . ,Vn-i = e„_i + e„, f„ = e„ + ei, 

where e^ is the ith unit vector in N". The vectors vi, . . . ,Vn are linearly independent because n 
is odd. It is not hard to see that the quotient group TL^ lTL{vi — ^i}"=2 ^^ torsion- free. Hence, 
by Theorem 13. 9( /(X) is a complete intersection. Then, X = T is a projective torus in P"^i by 
Theorem 13.51 If C is not an odd cycle, then it has a vertex of degree 1 and the proof follows by 
induction because removing this vertex results in a graph that is connected and has a unique 
odd cycle. D 

The next result shows that the index of regularity of complete intersections associated to 
clutters provides an upper bound for the index of regularity of S/I{X). 

Proposition 3.11. [20j reg(5//(X)) < {q — 2){s — 1), with equality if I{X) is a complete 
intersection associated to a clutter with s edges. 

Remark 3.12. In Theorem 15.1( c) we provide another upper bound for the index of regularity 
of S/I{X) valid for a certain family of algebraic toric sets. 

4. The degree-complexity of I{X) 

We continue to use the notation and definitions used in the introduction. The main result of 
this section is an upper bound for the degree-complexity of I{X). 

In what follows we shall assume that >- is the reverse lexicographical order [revlex order for 
short) on the monomials of S. This order is given by t^ >- t^ if and only if the last non-zero 
entry of 6 — a is negative. As usual, if g is a polynomial of S", we denote the leading term of g 
by \ii.{g) and the leading coefficient of g by \c{g). 

According to [21 Proposition 6, p. 91] the ideal I{X) has a unique reduced Grobner basis. We 
refer to [2] for the theory of Grobner bases. The degree- complexity of I{X), with respect to ;^, is 
the maximum degree of the polynomials in the reduced Grobner basis of I{X). Next we study 
the reduced Grobner basis and the degree-complexity of I{X). 

We come to one of the main results of this section. 

Theorem 4.1. Let C he a clutter and let >~ he the revlex order on the monomials of S. If Q 
is the reduced Grohner basis of the ideal I{X), then tj~ — tl^ € Q for i = 1, . . . , s — 1 and 
degf. ((7) < q — 1 for g £ G and 1 < i < s. 

Proof. The reduced Grobner basis of I{X) consists of homogeneous binomials [19j. As I{X) is 
a lattice ideal [19], it is seen that each binomial f^ — t^ £ Q satisfies that supp(a) n supp(6) = 0, 
this follows using that each variable tt is not a zero-divisor of S/I{X). Since t^ — if is in 
I{X) for i = 1, . . . , s — 1, there is gi G G such that gi = t-' —t'^',bi<q — l,Ci& W, i ^ supp(ci), 
and in(gj) = t^' . Then, by Lemma 13.41 the binomial gi has the form gi = tj — t'^- for some 

i < ji. As ^ is a reduced Grobner basis we get that gi = t1~ — ti~ for i = 1, . . . , s — 1. Let 
g £ Q\{gi, . . . ,5s-i}. Using that Q is reduced we get that degf.{g) < q — 2 for i = 1, . . . , s — 1. To 
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complete the proof we need only show deg^^{g) < q — 1. Assume that a^ = deg^^{g) > q — 1. After 
permuting ti, . . . , t^-i we may assume that m{g) = t^^ ■ ■ ■ t^"" and g = t^^ ■ ■ ■t^'^ — t"l,_Y ■ ■ -tl" ■, 
where r < s. Consider the polynomial 

— Lg I (,2 ' ' ' ''r- ~r "-l "-r+l ' ' ' "-s-l ''s J ~ ''s "1- 

Since h G I{X) and using that I{X) is a lattice ideal, we get that the binomial 

"■1 — '-2 ■ ■ ■ "-r "T ''1 ''r+1 ■ ■ ■ ''s-1 "-s 

belongs to I{X). As in(/ii) = ig^ • • •t^'', we obtain that in{g) € (in(^ \ {g}), a contradiction. 
Thus degt^(5) < g- 1. D 

The next result is interesting because it shows that the Hilbert functions of S/I{X) and S/I_a 
are equal up to degree q — 2. 

Proposition 4.2. Let C be a clutter. If f = t"" — t"" is a non-zero homogeneous binomial of 
I{X) and deg(/) <q-2, then f e Ia- 

Proof. We may assume that a"*" = (oi, . . . , a^, 0, . . . , 0) and a^ = (0, . . . , 0, a^+i, . . . , a^, 0, . . . , 0) 
and Oj > 1 for i = 1, . . . ,m. Then 

(4.1) (x^" • • • xi^-y^ ■ ■ ■ (x^^i • • • x;;™)"'- = {xl'~+'-' • • • xl^+''"f^+' ■ ■ ■ {x]^-' ■ ■ ■ x't'-f^ 

for ah (xi, . . . , x„) e (K*)", where Vi = {vn, ..., Vin) = (-Uj,!, . . . , Vi^^)- To show that f £ Ia "^e 
need only show that Aa~^ = Aa~ , where A is the incidence matrix of C, i.e., A is the matrix 
with column vectors vi, . . . ,Vs- Equivalently we need only show the equality 

(4.2) ■Vl,fcai H \- Vr,kar = fr+l.fcOr+l H h Vm,kam 

for 1 < k < n. If both sides of Eq. ()4.2p are zero there is nothing to show. We proceed by 
contradiction assuming: 

(4.3) Vi^kai H h Vr^kCLr > Vr+l^kCLr+l H h Vm,kam > 0. 

Making Xj = 1 for i ^ k in Eq. (|4.ip . we get 

^A: ~ ^k 

for any x^ G -ftT*. In particular making x^ = 13, where /3 is a generator of the cyclic group 

{K*, ■), we get that 

(4.4) (ui.fcOi H h Vr.fcOr) - (vr+i,fcar.+i H h Vm,kam) = mod(g - 1). 

Consequently t^i^fcOi + • • • + Vr,kar > q — ^, a contradiction because 

q-2> deg(/) = oi H h fflr > f^i,fcai H H t'r.fcOr- 

Hence equality in Eq. (j4.2p holds for 1 < k < n and the proof is complete. D 

Proposition 4.3. Xei j4 be the matrix with column vectors vi, . . . ,Vs. Then 

I{X) = ({r^ -t""|Aa+ = ^a"mod(g-l) and |a+| = |a"l}). 

Proof. The inclusion "c" follows from Eq. ()4.4p and from the fact that I{X) is a lattice ideal 
[19] . To show the inclusion "D" take f = t"- — t"- such that yla+ = ^a~ mod ((? — 1) and 
|a+| = |a^|. From the first condition it is seen that / vanishes on X and from the second 
condition / is homogeneous in the standard grading of S. Thus / G I{X). D 
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5. Upper bounds for the minimum distance 

We continue to use the notation and definitions used in the introduction and in the preUmi- 
naries. Let C be a clutter with vertex set Vc = {yi, . . . , y^}. Throughout this section we assume 
that A = {vi, . . . ,Vs} is the set of all characteristic vectors of the edges of a uniform clutter C. 

The set (K*)"" is called an affine algebraic torus of dimension n and is denoted by T*. The 
torus T* is a multiplicative group under the product operation (aj)(a^) = (oia'j), where (qj) 
really means (ai, . . . ,a„). Clearly, the algebraic toric set: 

X ■.= {[{xl^^ ■■■xl'",...,xl'' ■■■xl^'^)]\xi eK* for alH} C P""^ 

is also a multiplicative group with the product operation. 

Let / be the ideal oi R = K[yi, . . . ,yn] generated hy y'"^ , . . . , y'"" . The ideal I is called the 
edge ideal of C and the matrix A whose columns are vi, . . . ,Vs is called the incidence matrix of 
C. Recall that the integral closure of P, denoted by P, is the ideal of R given by 

(5.1) P = {{y'^ GR\3peN\ {0}; (y'^T e P'}), 

see for instance [29^ Proposition 7.3.3]. The ideal / is called normal if /* = P for i > 1. There 
are many interesting examples of normal ideals [251 [29] . For instance if C is the clutter of all 
subsets of y = {yi, . . . , y„} of a fixed size k > 1, then / is normal. If C is the clutter of bases of 
a matroid, then / is also normal [30]. There is a combinatorial description of the normality of 
ideals generated by square- free monomials of degree 2 [21j, i.e., of ideals such that C is a graph. 
According to [21] if C is a complete graph or a bipartite graph, then / is normal. The edge ideal 
/ is also normal if C is any odd cycle or any unicyclic graph. 

Let B C Z"'"'"^. The polyhedral cone generated by B is denoted by M+;B. A polyhedral cone 
containing no lines is called pointed. The set B is called a Hilbert basis if NS = M+0 n Z""*""*^, 
where NB is the semigroup generated by B. 

We come to the main result of this section, an upper bound for the minimum distance of 
Cx{d) valid for certain normal edge ideals of uniform clutters. 

Theorem 5.1. Let C be a uniform clutter whose incidence matrix has rank n and let I d R he 
its edge ideal. If I is normal and T is a projective torus in P*^"^, then: 

(a) The degree ofS/I{X) is equal to \X\ = {q - 1)""^ 

(b) Sd < S'^, where 5'^ is the minimum distance of the linear code Cf{d). 

(c) reg(5/I(X)) < reg(57/(T)) = {q- 2)(n - 1), where S' = K[tu . . . , t„]. 

Proof, (a) The ideal / is normal. Then by [8j Theorem 3.15] the set B = {{vi, l)}f=i is a Hilbert 
basis. Therefore, using [19^ Theorem 3.5], we obtain that {q — 1)"~^ divides \X\. On the other 
hand there is an epimorphism of multiplicative groups 

e-.T* ^X; (xi, ...,xn)^ [(x^\ . . . ,x''0], 

where T* = (i^*)" is an affine algebraic torus. The kernel of 9 contains the diagonal subgroup 

P* = {(A,...,A)|Ag A'*}. 

Thus |A| divides {q — l)""-*^. Putting altogether, we get \X\ = {q - 1)"~^. 

(b) The set B = {{vi,l)}f^^ is a Hilbert basis (see the proof of part (a)). Hence using a 
result of [10], after permutation of the {vi, l)'s, we may assume that B' = {(fi, 1), . . . , {vn, 1)} 
is a Hilbert basis and a linearly independent set. Then, it is seen that the group Z""^^/ZS' is 
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torsion-free. We set V = Z{i;j — iiij^^g- ^^ is not hard to see that there is an isomorphism of 
groups 

r: Till'lL') -^ T{I/'+^ /ZB') 

given by T{a) = (a, 0), where T{M) denotes the torsion subgroup of an abehan group M, i.e., 
T{M), is the set of all m in M such that pm = for some 7^ p € Z. From this isomorphism 
we conclude that T['L'^ /L') = 0, i.e., U^ jV is also torsion- free. 

Consider the algebraic toric set parameterized by y'"'^ , • • • , y^" : 

Xi = {[(x^i,...,x^")]|xi €i^* for alH}cP""\ 

We claim that I{Xx) = {{tl^^ - t^n'^j'l^i)- We set A' = {vi, . . . ,t;„}. Notice that the set A' is 
also linearly independent. Since /_4/ = (0) and Z"/L' is torsion-free, by Theorem 13.81 ^^ obtain 

{{tV - tr'}r=i') = (ir ' - *r'}r=i') ^ (*i • • • tuD 

■P /(Xi). 

Let T be a projective torus in P"~^. By Proposition [231 we have /(T) = I(Xi). Consequently 
Xi = T because Xi and T are projective varieties. Let 6'^ be the minimum distance of Cxi{d). 
Next we show that 6^ < S'^. There is a well defined epimorphism 

induced by the projection map [{ai, . . . ,as)] 1-^ [(ai, ... ,«„)]. By part (a) one has |X| = 
1^1 1 — {q ~ 1)"~^- Therefore the map 61 is an isomorphism of multiplicative groups. For any 
homogeneous polynomial F, we denote its zero set by Zx{F) = {[P] € X\F{P) = 0}. Let 
S" = K[ti, . . . ,tn] = ®^qS'^ and let Fi G S'^he a polynomial such that evrf(Fi) 7^ and with 
\Zxi\ as large as possible, i.e., we choose Fi so that 6'^ = \Xi\ — \Zxi{Fi)\. We can regard the 
polynomial Fi = Fi(ti, . . . ,f„) as an element of S and denote it by F. The map Oi induces a 
bijective map 

01 : Zx{F) ^ Zx.iFi), [P] ^ [OiiP)]- 

Therefore we have the inequality 

max{|Zx(F)| : F £ Sa; evrf(F) 7^ 0} > max{\ZxAFi)\ : Fi G S'^; evd(Fi) / 0}. 
Consequently 5^ < (5^. 

(c) We continue to use the notation and definitions used in the proof of part (b). Since Xi = T, 
it suffices to show that Hx^{d) < Hx{d) for d > 1. Using that I{X) and I{Xi) are vanishing 
ideals generated by homogeneous polynomials, it is not hard to show that S' n I{X) = I{Xi). 
Thus, we have a graded monomorphism 

^ K[ti, ..., tn]/I{X{) ^ K[h, ..., t,]/I{X), Fi^Fi. 

Hence HxM) < Hx{d) and consequently veg{S/I{X)) < reg{S'/I{T)) = (q - 2)(n - 1). D 

There is a nice recent formula for 6'^: 

Theorem 5.2. [20l Theorem 3.4] IfT is a projective torus in P"~i and d> 1, then the minimum 
distance of Ci{d) is given by 

, ^ r {q- l)"-(^+2)(g -1-i) ^f d<{q- 2)(n - 1) - 1, 
'^ I 1 if d>iq-2){n-l), 

where k and I are the unique integers such that k > 0, 1 < i < q — 2 and d = k{q — 2) -\- L 
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Remark 5.3. (i) When d is greater than or equal to the index of regularity of S/I{X), by 
Proposition 12.31 one has that (5^ = 1. Thus, for d > ieg{S/I{X)) our codes are useless from a 
practical point of view. For some other values of the parameters however, the bound (5^ does not 
prevent our codes from having a large (although not optimal) minimum distance. In Example l5.4l 
we provide specific values of the parameters of Cx{d) when C is a cycle of length 3. 

(ii) Let C be a unicyclic connected graph with n vertices and with a unique cycle of odd length. 
Then, X = T is a projective torus in P"'"! by Corollary 13.101 Thus, the minimum distance 8d 
of Cx[d) is equal to 5'^ by Theorem 15.21 In particular 5d = ^ ^oy d > {q — 2)(n — 1). 

(iii) The problem of computing the minimum distance of a linear code is NP-hard [28]. It 
might not be easy to compute the minimum distance of Cx (d) for graphs with large number of 
edges and vertices. However, for a complete graph with 4 vertices it is not hard to compute the 
minimum distance and to compare the bound 5'^ with the Singleton bound, see Example 15.51 

Example 5.4. Let C be a cycle of length 3, let X be the algebraic toric set parameterized by 
2/12/2) 2/22/3, 2/1^3 and let Cx{d) be the parameterized code of order d over the field K = Fg. Using 
Macaulay2, together with Remark 15. 3( ii). we obtain the basic parameters of Cx{d): 



d 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


X 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


A\mCx{d) 


3 


6 


10 


15 


21 


28 


36 


43 


49 


54 


58 


61 


63 


64 


Sd 


56 


48 


40 


32 


24 


16 


8 


7 


6 


5 


4 


3 


2 


1 



For linear codes over ¥q with q <9, there are online tables of known upper and lower bounds 
on the optimal minimum distance for each given dimension |14j . The last line of the following 
table shows the upper bounds for the minimum distance of Cx{d) that we found using |14j . 



d 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


X 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


64 


dimCxid) 


3 


6 


10 


15 


21 


28 


36 


43 


49 


54 


58 


61 


63 


64 


rrid 


56 


53 


49 


44 


39 


32 


26 


19 


13 


9 


5 


3 


2 


1 



The Cx{d) linear codes for this example are really only competitive — with other known codes 
of the same block length and dimension — in the very low rate cases (i.e. small d where the 
dimension is much less than the length) and the very high rate cases (i.e. d close to (g— 2)(n — 1)). 

Example 5.5. Let C be the following complete graph on four vertices and let X be the algebraic 
toric set parameterized by all t/jJ/j such that {?/«, 2/j} is an edge of C. 



2/2 



2/3 




2/1 



2/4 



Let Cx{d) be the parameterized code of order d over the field K = F3, let b^ (resp. 6'^) be 
the Singleton bound (resp. the bound of Theorem 15. ip . and let 5^ be the minimum distance of 
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Cx{d). Using Macaulay2, we obtain: 



d 


1 


2 


3 


hd 


3 


1 


1 


5'. 


4 


2 


1 


Sd 


2 


1 


1 



If Cx{d) is the parameterized code of order d over the field K = F4, then we get: 



d 


1 


2 


3 


4 


5 


6 


bd 


22 


9 


1 


1 


1 


1 


^d 


18 


9 


6 


3 


2 


1 


Sd 


12 


3 


1 


1 


1 


1 
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